
Gerstein-Zeldovich limit and modern
bounds on neutrino mass

A.D. Dolgov

University of Ferrara, Ferrara 40100, Italy
NSU, Novosibirsk, 630090, Russia,

ITEP, Moscow, 117218, Russia

Conference ”Ya B - 100”, 100th
anniversary of Ya. B. Zeldovich

GAISh, Moscow,
March 20-21, 2014

1



Subtitle:

TWO EXAMPLES OF HISTORICAL
INJUSTICE.
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The universe is known to be filled with
Cosmic Neutrino Background (CνB):
nνa+nν̄a = 112/cm3 (nγ/410.5cm−3),
where a = e,µ, τ or, more accurately,
a runs over three left-handed mass
eigenstates.
nν is expressed theoretically through
the number density of CMB photons.
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The result is valid if nν = nν̄, which
is true with 10% accuracy. Strong
mixing of neutrinos leads to equilibra-
tion of different flavors. BBN gives a
strong bound on the electronic neu-
trino asymmetry. For degenerate neu-
trinos the number density could be at
most 10% higher.
Direct evidence of CνB is absent but
indirectly it agrees with the data within
the error bars.
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The calculations of nν were performed
by Gershtein and Zeldovich in 1966.
At T > 1 MeV neutrinos and photons
are in thermal equilibrium mediated
by electrons and positrons:

nν + nν̄ = (3/4)nγ.

Below 1 MeV neutrinos decoupled and
e+e−-pairs annihilated heating pho-
tons, but not neutrinos. Hence:

Tν/Tγ = (4/11)1/3 = 0.714

and nν + nν̄ = (3/11)nγ.

5



Comment: for massive neutrinos both
helicity (spin) states are possible, as
it can be seen by boost to the oppo-
site direction of neutrino momentum,
with helicity remaining intact.
However, electro-weak interactions ex-
cite only left-handed neutrinos, so the
”wrong” right-handed ones are sup-
pressed by the entropy dilution.
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A piece of history.
In 1972, 6 years after GZ work, a pa-
per by Cowsick and McClelland was
published in PRL where both essen-
tial points were treated incorrectly:
1. Heating of γ by e+e−-annihilation
not taken into account.
2. Both helicity states of neutrinos
was supposed to be equally present
in the cosmic plasma.
Despite that for many years the
Gertstein-Zeldovich bound was called
the Cowsic-McClelland bound. Even
CMcL-erros were prescribed to GZ.
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Cosmological parameters:
H = 67.3± 1.2 km

s Mpc, or h ≈ 0.67.

Chemical content (dominant parts):
1. Baryons: ΩB = 4.9%;
2. Dark matter ΩDM = 26.8%;
3. Dark energy ΩDE = 69.3%.
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Thus from the GZ result follows that
the energy density of neutrinos today
should be smaller than ρDM :∑∑∑

mνj < 94 eV ΩDMh
2,

i.e. mνj < 3.8 eV , since neutrino masses
are almost equal according to the data
on neutrino oscillations: ∆m2

12 ≈ 7.6·
10−5 eV2 and ∆m2

23 ≈ 2.4 ·10−3 eV2.

Very rough estimate: structure for-
mation is inhibited at small scales if
ΩHDM > 0.3 ΩCDM , somνj < 1.1 eV ,
a robust limit.
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Recently CMBR(Planck)+LSS(BAO):∑∑∑
mνj < 0.23 eV,

or mν < 0.08 eV.
Direct limit for νe is about 2 eV.
The most precise device to weight neu-
trino is telescope.
Expected improvement by KATRIN
(Karlsruhe Tritium Neutrino Experi-
ment) by an order of magnitude.
What if the cosmological limit is vio-
lated?

10



Non-equilibrium corrections to neu-
trino spectrum and number density.

Normally massless particles are always
in thermal equilibrium. This was also
true for neutrinos at T > 1 MeV.
However, decoupling is not instanta-
neous and in its course e+e−-annihilation
heats up photons and remaining e+e−-
pairs, in turn heat up neutrinos and
distorts their spectrum (AD and M.
Fukugita).
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Spectrum distortion:

δfνe/feq ≈ 3× 10−4E

T

(
11E

4T
− 3

)
.

Numerical calculations with a fraction
of per cent precision: AD, S.Hansen,
D.Semikoz.
So the canonical number of effective
neutrino species is larger than 3:

N
(eff)
ν = 3.046.

0.011 comes from the plasma effects,
diminishing ργ, and remaining 0.035
comes from non-instant neutrino de-
coupling from hotter e+e−.
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The number of effective neutrino species

in cosmological plasma, N
eff
ν , is de-

fined as the ratio of the energy density
of ANY relativistic particles, exclud-
ing CMB photons, normalized to the
energy density of one type of massless
equilibrium neutrinos (plus an equal
amount of antineutrinos) with tem-

perature equal to (4/11)1/3 = 0.7138
of the temperature of the CMB pho-
tons.
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According to the Planck data

N
(eff)
ν = 3.30± 0.27, which does not

contradict the canonical value 3.046
and hints to some extra dark radia-
tion of yet unknown form.
Planck also measures:
Ωbh

2 = 0.02205± 0.00028.
Similar results follow BBN:
4He implies for the baryonic density:
Ωbh

2 = 0.0234± 0.0019 (68% CL) and
(D/H)p = (2.53±0.04)·10−5 demands

Ωbh
2 = 0.02202± 0.00045
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NB: the BBN measurements are sen-
sitive to cosmology of the very early
universe with the age t ∼ (1−200) sec,
while CMB presents information about
the universe about 100 000 years old.
Before the accurate CMB data, Ωb
was ”measured” by primordial deu-
terium - ”baryometer”. Now CMB
does it better by the ratio of the peak
heights and diffusion length. A very
good agreement, though physics and
epochs are different. (More than 50%
of baryons are not directly observed.)
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An analysis of 4He results in

N
(eff)
ν = 3.51± 0.35 (68% CL).

while from primordial deuterium abun-
dance it follows:

N
(eff)
ν = 3.28± 0.28.
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The presented results for N
(eff)
ν are

compatible with the standard scenario
with 3 usual neutrino species. How-
ever, it is intriguing that the central
values of all measurements are notice-
ably above 3. Maybe these data indi-
cate an existence of light sterile neu-
trino or some other form of dark ra-
diation.
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A bound on a heavy neutrino mass,
B. Lee, S. Weinberg (1977);
M.I. Vysotsky, A.D.,Ya.B. Zeldovich
(1977):

mνh > 2GeV.

The number/energy density of heavy
neutrinos are found from the solution
of the equation:

ṅ = 3Hn = −〈σannv〉(n2− n2
eq).
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Possibly heavy stable neutrino does
not exist, nevertheless this equation is
the fundamental equation for the cal-
culations of the density of dark mat-
ter particles, WIMPS (not axions).
The equation got the name of Lee-
Weinberg equation,) despite the fact
that is was derived by Zeldovich in
1964 and used for the calculations of
the cosmological abundance of relic
quarks by Okun, Zeldovich, and Pikel-
ner also on 1964.
Zeldovich equation and not LW!.
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Impact of neutrinos on angular fluc-
tuations of CMBR

1. Shift of peaks to the left with ris-
ing mass. The largermν, the earlier is
the non-relativistic stage. So the dis-
tance to the last scattering surface is
shorter and peaks moves to smaller l.
However, this shift can be compen-
sated by a shift in H and a full data
analysis is necessary
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2. Decrease of the peak heights.
Neutrinos with mν > 0.6 eV become
nonrelativistic before recombination,
matter radiation equality takes place
earlier and the enhancement of the
peak amplitude (by the integrated Sachs-
Wolfe effect) tends to be weaker.
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Spectrum of angular fluctuations of
CMB by Planck. Green area is the
cosmic variance
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THE END
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Gerstein, Zeldovich, Pis’ma ZhETF,
4 (1966) 174, cosmological bound:
mν < 30 eV. [Cowsick-McLelland bound,
1972, with important mistakes].
A. D. Sakharov, Pisma Zh. Eksp. Teor.
Fiz. 5, (1967) 32, baryogenesis: C
and CP violation, no thermal equilib-
rium, hypothesis of B-nonconservation.
Nobody believed but practically ex-
perimental fact now.
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Most impressive are new bounds on
CνB. With new Planck data:∑∑∑

mν < 0.23 eV,

and N
(eff)
ν < 3.30 ± 0.27, while the

standard theory says N
(eff)
ν = 3.046.

The best device to weight neutrino is
telescope.
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Impact of neutrinos on angular fluc-
tuations of CMBR

1. Shift of peaks to the left with ris-
ing mass. The larger mν, the earlier
is the non-relativistic stage. Thus the
distance to the last scatterring sur-
face is shorter and peaks moves to
smaller l
However, this shift can be compen-
sated by a shift in H.
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2. Decrease of the (1st) peak hight.
Neutrinos with mν > 0.6 eV become
nonrelativistic before recombination,
matter radiation equality takes place
earlier and the enhancement of the
first peak by ISW effect is weaker.
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